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SUMMARY

The magnitudes of earthquakes are generally described by an empirical relation called the
Gutenberg—Richter law. This relation corresponds to a well-known statistical distribution, that
is, the exponential distribution. In this work, we verify the validity of the Gutenberg—Richter
law using a 44-yr-long worldwide seismic catalogue of strong (M, > 6.5) events, by testing
the exponentiality and the independence of the magnitudes. Moreover, we suggest a new way
to visualize the distribution of the magnitudes, which complements the classical magnitude

frequency distribution plot.
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and prediction.

INTRODUCTION

The Gutenberg—Richter law (Gutenberg & Richter 1944) is one
of the most important empirical laws of seismicity; it describes the
distribution of earthquake magnitudes using the following formula:

Logio(N) =a —b(M — M), (M

where N is the number of events with magnitude > M, a is the pa-
rameter which controls the total number of events, b is the parameter
called b-value, which controls the slope of the distribution in a semi-
log plot and M, is the magnitude of completeness of the catalogue.
This last parameter is fundamental because the Gutenberg—Richter
law is observed only for magnitudes M > M,. The magnitude of
completeness represents the threshold above which we are (almost)
sure of detecting all the seismic events. There are several methods
to estimate the magnitude of completeness, and the most used are
based on the same assumption for finding the complete part of the
catalogue: a goodness-of-fit comparison of the complete part of the
catalogue with the Gutenberg—Richter law (Wiemer & Wyss 2000);
a maximum-likelihood estimate considering the whole distribution,
still assuming for the complete part the Gutenberg—Richter law
(Ogata & Katsura 1993); a statistical test for the exponentiality of
the magnitudes in the complete part of the catalogue (Herrmann
& Marzocchi 2021; Taroni 2023). Indeed, Utsu (1965) and Aki
(1965) showed that the Gutenberg—Richter law implies an expo-
nential distribution for the magnitudes, with the unique parameter
for such statistical distribution equal to /n(10). However, all these
methodologies lead to a sort of circular reasoning: the estimation
of the magnitude of completeness is performed by assuming that
the catalogue is complete if the Gutenberg—Richter/exponentiality
of the magnitudes is matched, but this condition is valid only if

the catalogue is complete. Thus, a fair independent test of the re-
liability of the Gutenberg—Richter law must be performed with-
out assuming the same law in the calculation of the completeness
magnitude. Although global seismicity was already been deeply
investigated in terms of the magnitude frequency distribution, for
example, Kagan (2002), Bird & Kagan (2004), Kagan et al. (2010),
in this work we want to use the global CMT catalogue (Dziewon-
ski et al. 1981; Ekstrom et al. 2012) from 1980 to 2023 (44 yr)
to validate the Gutenberg-Richter/exponentiality hypothesis for the
magnitude distribution. The novelty of our approach is the indepen-
dence between the magnitude of completeness and the magnitude
distribution estimations, avoiding any possible circular reasoning.
Moreover, we suggest a new way to visualize the distribution of the
magnitudes, based on the random variable transformation of Taroni
(2023), that switches exponential variables to simple Uniform [0, 1]
variables.

METHODS

The exponentiality of the magnitudes can be tested by applying the
Lilliefors test to X; = M; — M,, where M; is the i-th magnitude
in the catalogue and M. is the completeness threshold (Lilliefors
1969; Herrmann & Marzocchi 2021). Such a standard test is used
to check the exponentiality of any type of data.

Another way to test the exponentiality of the magnitudes is to
transform them using the formula (Taroni 2023):

X+ Xip
where X; are the ones previously described. In this case, coupling

the consecutive magnitudes in the catalogue (index i: [1,2], [3.,4],
[5,6], etc.), the transformation from X; to U; allows to move from N

U; 2
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Figure 1. Panel (a): yearly number of events in the catalogue from M,, = 5.5, the black dotted line represents the median for all the years. Panel (b): same as

(a), but from My, = 6.5.

exponential to ~ % uniform variables. The use of non-overlapping
indexes (i.e. [1,2], [3,4], [5,6] instead of [1,2], [2,3], [3,4]) allows
for easily testing and simulating these variables, avoiding internal
correlations. The uniform variables U; are characterized by a hor-
izontal probability density function (PDF) in their domain [0, 1],
and also a linear cumulative distribution function (CDF). After the
transformation, we can apply a test of uniformity to these variables
U;, for example, the standard Kolmogorov—Smirnov test (Smirnov
1948).

A set of magnitudes could be considered a random sample from
an exponential distribution if it is both exponentially distributed and
independent of one from the other (Lombardi & Marzocchi 2007).
Two typical tests to check the independence between the magnitudes
are the runs test and the test on the correlation coefficient computed
on pairs of consecutive magnitudes (Lombardi & Marzocchi 2007;
Gibbons & Chakraborti 2010; Taroni 2024). We underline that these
tests just check the correlations between consecutive magnitudes,
not for all the possible couples; however, they are a sort of standard
in statistical seismology (Petrillo & Zhuang 2022), thus we will use
them in this paper. To estimate the b-value, we used the Aki (1965)

formula with the correction for an unbiased estimation (Ogata &
Yamashina 1986):
N__]
b=—2N 3)
X log (10)

where N is the number of events above the magnitude of com-
pleteness, and X is the mean of the X;. The uncertainty o on the
estimated b-value is 67, = f_ﬁ (Aki 1965).

RESULTS AND DISCUSSION

We selected from the global CMT catalogue (Dziewonski et al.
1981; Ekstrom et al. 2012) events from 1980 to 2023, with a max-
imum depth of 50 km (as in Petruccelli et al. 2019). To avoid any
circular reasoning, the magnitude of completeness was selected
without assuming any relation between the magnitudes with the
Gutenberg—Richter law. Looking at previous works on the CMT
catalogue (Schorlemmer et al. 2005; Eberhard et al. 2012; Taroni
et al. 2014; Gonzalez 2024), and considering the yearly number of
events and the median of the magnitudes (Kagan 2003; Ekstrom
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Figure 2. Panel (a): magnitude frequency distribution plot; blue dots represent the log10 cumulative number of events (histogram binning of 0.1). Panel (b):
empirical CDF of the magnitudes; blue dots represent the M;; black dashed line represents the theoretical CDF of the exponential distribution; grey area
represents the simulated confidence region for the CDF (with the parameter b-value estimated from the data). Panel (c): empirical CDF of the transformed
magnitudes; blue dots represent the U;; black dashed line represents the theoretical CDF of the Uniform [0, 1] distribution; grey area represents the simulated

confidence region for the CDF.

Table 1. p-values of the statistical tests.

Tested feature Type of variables Type of test p-value
Exponentiality Xi=M; — M, Lilliefors test 0.26
Exponentiality Transformed (U;) Uniform test 0.48
Independence Xi=M; — M, Runs test 0.78
Independence Xi=M; — M, Correlation coefficient test 0.30

et al. 2012), the value of M, = 6.5 can be considered a conserva-
tive threshold for the magnitude of completeness, since it is larger
than any values estimated in the aforementioned papers. In partic-
ular, Gonzalez (2024) used the Entire Magnitude Range method
(Woessner & Wiemer 2005), finding a decreasing trend in the com-
pleteness of the CMT catalogue, from about 5.7 in 1980 to about
5.1 in the last years. The M,, = 6.5 value is also larger than any
values of the spatially varying completeness estimated by Petruc-
celli ef al. (2019) and Gonzalez (2024); however, we have also to
take into account the so-called short-term incompleteness problem
(Kagan 2003), that is, the low detection capability of a seismic
network after strong events, a problem that affects the CMT cata-
logue (Iwata 2008). Since our catalogue contains several very strong
events (25 with magnitude 8.04), the value of M,, = 6.5 seems
appropriate to overcome the short-term incompleteness problem.
We want to underline that the conservative choice of M, = 6.5
is necessary to ensure the use of a complete catalogue in our
calculations.

As a supplementary simple check for completeness, in Fig. 1 we
show the yearly number of events from M,, = 5.5. (upper panel)
and from M,, = 6.5 (lower panel). In 2004, the CMT catalogue was
improved, leading to a lowering of the event detection threshold
(Ekstrom et al. 2012): looking at Fig. 1(a), since the yearly number
of events is almost always lower than the median before 2004, we
can suspect that the value of M,, = 5.5 is too low as a magnitude

of completeness of the catalogue. Applying the runs test to the
time-series of the yearly number of events, to check its possible
randomness, we find a very low p-value of ~ 1077, confirming that
for M,, = 5.5 the catalogue is not complete.

Different is the case of M,, = 6.5 (Fig. 1b), where the obser-
vations above and below the median are more equally distributed
before and after the 2004, and the p-value of the runs test is 0.05,
suggesting the randomness in the order of this time-series and thus
the completeness of the catalogue.

By selecting only events with magnitude M,, > 6.5, our final
catalogue contains 1274 earthquakes, a sufficient number of data
for robust testing of the Gutenberg—Richter/exponentiality hypoth-
esis for the magnitude distribution. We tested the exponentiality of
the magnitudes in two ways: first applying the classical Lilliefors
test and then the test of uniformity to the transformed magnitudes
(see eq. 2). Using this transformation, it is also possible to build a
simple empirical CDF, and visually compare it with the theoretical
diagonal line. We underline that, independently from the parameter
of the starting exponential distribution of X; (i.e. the b-value), the
transformation will lead to Uniform [0, 1] variables. In Fig. 2 we
show both the classical magnitude frequency distribution (Fig. 2a)
and the empirical CDFs (Figs 2b and c).

The advantage of the empirical CDFs is that it is possible to
easily compare observations and theoretical distributions; in the
classical magnitude frequency distribution plot, it is more difficult;
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moreover, the points in the left part count a number of events much
larger than the points in the right part. Therefore, points in the right
part have a large stochastic variability, given the smaller amount of
data they represent. As an example, the misalignment of the events
with M, 8.2 + is not so suspicious if we consider that they represent
less than 1.5 per cent of the data. Random fluctuations should not
be confused with a physical signal (Michael 2011). Moreover, it is
quite simple to build a confidence region for the CDF variability
through simulations (e.g. the grey area in Figs 2b and c), and then
evaluate if the observed variability of the CDF is consistent with
random fluctuation, as in the case of Figs 2(b) and (c).

The p-values of the tests for the exponentiality are shown in Ta-
ble 1, along with the tests for the correlations between magnitudes.

The high values of all the p-values in Table 1 suggest that the
hypotheses of exponentiality and independence cannot be rejected.
Thus, our data set can be considered as a random sample from an
exponential distribution, confirming the validity of the Gutenberg—
Richter law. Using the Aki (1965) formula (eq. 2) we obtained
a b-value = 1.02 £ 0.03, a value coherent with previous studies
(Frohlich & Davis 1993; Kagan et al. 2010).

The global catalogue used in this study probably consists of a
mixture of exponential distributions with different parameters (i.e.
different b-values); however, such a mixture does not affect the
final exponentiality of the whole catalogue. A possible explanation
of this result could be that b-values in distinct tectonic regions, or for
distinct focal mechanisms, are not that different (Taroni & Carafa
2023).

In this work, we only look at the whole distribution of events,
without focusing on the right tail. The right tail of the Gutenberg—
Richter law could be described by adding a taper on the exponential
distribution (see e.g. Kagan 2002); however, this tail usually con-
tains just a very small percentage of the events in the catalogue and
does not affect the exponentiality of the whole distribution.

CONCLUSION

The 44-yr-long worldwide catalogue of M, 6.5+ events, from 1980
to 2023, containing 1274 earthquakes, confirms the validity of the
Gutenberg—Richter law. The magnitudes of these earthquakes are
exponentially distributed and independent. This result, although
expected, is important because it was obtained without using circular
reasoning for the estimation of the magnitude of completeness.
The Gutenberg—Richter law is a fundamental part not only of the
probabilistic seismic hazard analyses (Gerstenberger et al. 2020),
but also of short-term earthquake forecasting models (Mizrahi et al.
2024). Then, a proper test of'its validity is essential to make all these
analyses and models scientifically sound.
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